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We p r e s e n t  the  so lu t ion  of  quas ta t ic  p rob l ems  of coupled t h e r m o e l a s t i c i t y  for  a p a r a l l e l e -  
piped. 

Genera l  coupled p r o b l e m s  in the mechan ic s  of  continuous med ia  w e r e  fo rmula ted  in [1]. The p r o b l e m s  
of coupled t h e r m o e l a s t i c i t y  w e r e  rev iewed in [2-5]. F o r  a l i nea r  i so t rop ic  homogeneous  t h e r m o e l a s t i c  m e d i u m  
under  sma l l  d e f o r m a t i o n s ,  the ba lance  and hea t - f lux  equat ions have the f o r m  [5] 

p A t h + ' ( ~ + ~ ) e , z + X i = - ' , i O ~  ( i =  i, 2, 3), 

A o -  _ L  " o -  ne + Q = o, 

e = u h ,  k, •  , ~1-- Zo , Q = - ~ - ,  7 = ( 3 ~ + 2 [ x )  a o. 
Ca 

(1) 

(2) 

Since the case  of a r b i t r a r y  volume fo r ce s  a lways  r educes  to the case  when the volume fo r ce s  have a potent ial  
[7], we shal l  a s s u m e  that  Xi = G , i .  The init ial  condi t ions  a r e  

uiIt= o = [~ (xh), Olt=o = h(xh). (3) 

The solut ion of the quas i s t a t i c  p rob l e m  of coupled t h e r m o e l a s t i c i t y  cons i s t s  of  the in tegra t ion  of the s y s t e m  
of equat ions (1) and (2) sub jec t  to the init ial  condit ions (3) and s o m e  bounda ry  condi t ions  for  u i and 0 which 
will not be speci f ied  at the moment .  

In tegra t ing  (2) with r e s p e c t  to t ime  f r o m  0 to t and us ing (3), w e  obtain 

t t 

0 _ A O d ~ - - ~ l e + L  L-.~ h 4-~lfh,h4 :- Qd'~ . 
N N �9 

0 0 

Substi tut ing the e x p r e s s i o n  (4) fo r  0 into (1) we find 

(4) 

t 

gAui@ ()h @ ~) e,i = 7• .l (AO),i d'~ @ (7• - -  G),~, 
0 

(5) 

where  X i = X + ~?y~. We shal l  wr i te  u i in the  f o r m  u i = v i + w  i, e = ev + ew, ev = Vk, k, ew = Wk, k, where  vi is 
�9 the solut ion of the s y s t e m  

~hv~ + (~ + ~t) e~,t = 0, 
(6) 

and wi is an a r b i t r a r y  p a r t i c u l a r  solut ion of  the s y s t e m  (5). We shal l  s e e k  w i in the f o r m  wi = ~, i. Subs t i tu t -  
ing this e x p r e s s i o n  into (5) and noting that  

we find q~: 
h (grad r  = grad div (grad qs) __ rot rot (grad r  = grad Ar 

t 

r  Od~-t-F, 1 ' , - - ~ i + 2 ~  
o 
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where F is an arbitrary particular solution of the equation (hi + 2#)AF = 7 ~4 L-G. Therefore, 

t 

" Ui := Vi-}-l'l j 'O, idTq-F, i .  
0 

(7) 

It follows from (7) that 

Substituting (8) into (4), we obtain 

t 

e eu q- 7~ .i' A0dz + AF. 
0 

(8) 

t 

E l i m i n a t i n g  i AOd~ 

t 

0 - - k  z y A 0 d ~ - M - - ~ l •  
0 

(;~ q-- 2,u) k z -- • ()~ ~- 2,u), (~ + 2u) m =: • [(~ q- 2Ix) L -}- qG]. 

f r o m  (8) and (9) we find the s i m p l e s t  e x p r e s s i o n  for  e: 

(9) 

G + 2ix) e - (7~, + 2ix) e, + 70 - -  G. (10) 

It follows f r o m  (9) that  

- -  kzAO = M -- ~l• (ii) 

In s o m e  p r o b l e m s  vi,  and c o n s e q u e n t l y  a l so  % ,  can  be found without u s i ng  Eq. (11). By subs t i t u t i ng  the va lue  
of e v into (11) we then obta in  an equa t ion  for  0 which has a known r i gh t -hand  s ide  and is supp lemen ted  by 
some  b o u n d a r y  condi t ion .  Having found 0, we can  d e t e r m i n e  ui f r o m  Eq. (7). 

In an or thogonal  C a r t e s i a n  coo rd ina t e  s y s t e m  Oxlx2x3, the componen ts  of the s t r e s s  t e n s o r  a r e  

%, = 2 .  1 (12) 

au~ (i 3) % 2 = 2 P ~  q-~e--TO, % 3 = 2 P  Ou---2 Ox3 q- ;~e-- 70, 

(q~ ' \Oxz a& ' ~ Ix \ a x  i 4- Ox--~3 ' a 2 3 = p  \Ox3 q- Ox.z)" (14) 

The system (6) will be written in the form 

Oe, 3ob3 &%~ Oe~ 0o~t aob3 (15) 

Oxt ox2 Ox3 ax2 Ox3 Ox~ 

•  - -  , •  - - -  , ( 1 6 )  
Ox3 Oxi Ox2 IX 

&q Or2 q_ 0v_._s 3v3 3v~ 
e~ = Ox--T + ~& Ox a ' ~ -- ' (17) O& Ox3 

Ov~ Ov~ Or2 Ov~ 
(ova -- , coy3 -- (18) 

ax3 O& a& ax2 

Suppose now we a r e  g iven a p a r a l l e l e p i p e d ,  and x 1 = 0, x 1 = a ,  x 2 = 0, x 2 = b,  x 3 = 0, x 3 = c a r e  the equat ions  
of i ts  s i de s .  By u s ing  the methods  expla ined below we can  find the so lu t ion  of the p r o b l e m s  where  one is g iven 
n o r m a l  d i s p l a c e m e n t s ,  t angen t i a l  s t r e s s e s ,  and the heat  f lux at any k s ides  (k = 0, 1, 2, . . . ,  6) of the p a r a l -  
l e lep iped ,  and on the r e m a i n i n g  6 - k s ides  one is g iven t angen t i a l  d i s p l a c e m e n t s ,  n o r m a l  s t r e s s e s ,  and the 
t e m p e r a t u r e .  However ,  the c o n s i d e r a t i o n  of al l  pos s ib l e  v a r i a n t s  would make this paper  e x c e s s i v e l y  long. 
We sha l l  t h e r e f o r e  c o n s i d e r  only  the ca se  k = 6. The so lu t ion  of this p r o b l e m  wil l  be obtained in the f o r m  of 
a s u m  of so lu t ions  of the s i m p l e r  p r o b l e m s .  
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P r o b l e m  1. N o r m a l  d i s p l a c e m e n t s ,  t angen t ia l  s t r e s s e s ,  and the hea t  f lux a r e  g iven at  all  s ides  of  the 
pa ra l l e l ep iped :  

u~l~,=o 5~, a,21~,=0 S,, %[~,=0 Ti, O~-x01 . . . .  q,, (19) 
x t = O  

O0 
uilx,=a = 62, at2]x,=a = Sz, r = T2, ~x~ x,=a = q~' (20) 

00 ] 
= qs, (21) u~.l~=o = 58, ~t~1~=o = 8~, ~ ] ~ , = o  = Ts, ~ ~=o  

00 = q~, (22) u_,I~=L, = 6~,, o'~l~=,~ = S+, o~81~=b = T~, ~ ~,=~ 

U3]x.=o : 68, cqslx+=o -= $5, ~8lx~=o =: Ts, -~x~ tx~=oO0 = qs, (23) 

us[~=~ = 6+, a~lx~=~ = $6, %[~+=~ = Ts, -~x3 l++=~O0 ~ = q+. (24) 

The following expressions will be useful in the discussion below: 
.+ 

ud~,=o = 0, o'~.1~,=o = 0, %lx,=o = 0, &t00 t~,=o = 0, <25) 

udx,=a= 0, oh~}~,=,:, =- 0, r = O, axiO~O I~,=~ = 0, (26) 

00 ~,=o u~lx~=o = 0, a~2[~,=o = 0, ~28[x,=o ~ 0, ~ = 0, (27) 

U2]x,=b=O, o'i~.'x~=b=0, %31x,=b=0,' 0~-x0~]x,~b'=0' (28) 

Us]x~=o = O, cri3[x~o = O, ~28]x~=o = O, --OxsO0 x+~o = O, (29) 

usl,.=~ = o, %1 . . . .  = o, %1~,=~ = o, ~176 IJ = o. (30) OX8 lxa=c 

Problem la. Let us suppose that the boundary conditions have the form (19), (20), and (27)-(30). 

unknown functions will be expanded in Fourier series as follows: 

u,,.,. (x,, 0 oo~ ~,, ,~ co+ I~+.,,+, ,++ = . ~  ,~,,,,~ (x,, t) sin o~,,,x~ co+ l++x+, 
m , n ~ 0  m , n ~ 0  

U 3 ~ 

trt, tz~O 

usm,~ (xi, t) cos ~mx.~ sin [5,~x8, 

0 = ~ 0,~,, (x .  t) cos a.,x+ cos [~+xs, 
a , n ~ 0  

where  a m - ~ m / b  and/3n -= ~n/c .  
be  given h e r e .  The c o r r e s p o n d i n g  expans ion  coef f ic ien t s  will  be denoted by  indices  m and n. 
s ions  be low,  r e p e a t i n g  indices  m and n a r e  not ~ u m m e d  ove r .  The condi t ions (27)-(30) a r e  s a t i s f i ed .  
(10) in (12) we obtain ,  ins tead  of (12)-(18),  fo r  each  m and n 

The  

(31) 

(32) 

The expansions of other fmictions can easily be written down, and will not 
In the expres- 

Using 
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N l - -  __  
Oe~,m, 

Ox~ 

OOkvIra n 
7410~mev,mn ---  O n O 3 v i m n ,  

Oxt 

ao)vv.n 
~ l ~ n e v m  ~ = ~Zm(O~lmn 

Ox~ 

OUlran  
ev  tr~ r ~ - -  

Ox~ 

O)/j2m 71 - -  
O U 2 m  n -  

O U 3 m n  ~ n U l m n  ' (Ov3mn  - -  @ O ~ m U l m n .  

Oxi Ox, 

(33) 

(34) 

(35) 

(36) 

(37) 

Relations (7), (ii), and (3) give 
t 

f OFm. 

0 

(38) 

t 

uzT, n = v2mn - -  7~am f O~nd'c-- cz . ,F~ ,  
0 

t 

u3 ..... = vzm~ L 71~ j' Om~dT - -  [3nF ..... 
O 

w h e r e  2 = 2 + 2 Xmn a m  fin" M u l t i p l y i n g  (34) and (35) b y  a m and fin, r e s p e c t i v e l y ,  and a d d i n g ,  we  o b t a i n  

~ l Amngwl~, n - _ 
Oxi 

S u b s t i t u t i n g  ~2vm n f r o m  (33) in to  (42),  we f ind 

Expressing avmn in terms of the displacements by using (37), we obtain 

OVimn 2 ORmn 
e~,~ ~-= - -  + Rmn, Q- . . . .  = %mnV~ran @ - -  

Ox~ O& 

where Rmn -=amV2m n + ~nV3mn . Therefore, 

H e n c e ,  u s i n g  (43) and (44),  

+ ca.,~ (0 exp ( - -  ~ x ~ )  + cr (t) exp (X~,~xi), (2• ~ 1 - -  • 

vl,,~n (xi, t) = (• -- • cim n (t) exp (--/.m~xi) -I- (x2xi ~- • C2mn (t) • 

1 1 
• exp (~.~&) -+- - -  c3.,n (t) exp (--)~.,nxt) - -  ~ c ~  (t) exp ()~m~x0, 

( 2 ~ •  ~ 1 + • 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 
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Mult iplying (34) and (35) by fin and a m ,  

(%ran= ~ am " @ ~ n - -  
kmn k OXe 

Subst i tu t ing (37) into (48), we obtain  

O2mvemn 2 
)~mnCgclm, ~ = O, ax~ 

r e s p e c t i v e l y ,  and s u b t r a c t i n g  t e r m  by t e r m ,  we find 

&ovann 
Oxe ) " 

(o~,m~ = c~,~ (t) exp ( - -  ;km~xe) @ c6m ~ (t) exp (km,~x,). 

Since amVzm n +/3nVam n = Rmn and f i n V 2 m n -  amVam n = COvlmn we find, by us ing  (46) and (49), 

k~,~ v2 ..... = a,,~;~,m,~• [cm,~ (t) exp ( - -  k~x , )  - -  c ~  (t) exp ( / ~ x i )  ] q- 

q- (z~ [Ca~,, (t) exp ( - -  k ~ & )  q- c~ ..... (t) exp (km,~xt)] q- ~ [csm,~ (t) exp (--  L~,~xe) q- c~ ..... (t) exp (L,~,.vO], 

k ~  va .... = [.~,,km,,• e [q .... (t) exp ( ~  k~,,xe) - -  c2 .... (t) exp (km,~xi)] + 

Using (32) we obtain  fo r  each  m and n, ins tead  of (19) and (20), 

axe :lx~=o 

i OUamn tt \ [ t t I - 7 - - -  --~,~ , , . .}1 = V2m,,(t), 
\ oxt /Ix,=~ 

0 % .  
t ,=o = q m,, ( 0 .  

\(au2m"axe a,,,u,,,~,~ ]:,..=0 = s e~  (t), 

= s . c . ( o ,  ~t ~ axe /~i=.  " 

a~ I.,=o = qe.,. (t), 

(485 

(49) 

(50) 

(51) 

(52) 

(53) 

(545 

(55) 

By a d i r e c t  ca lcu la t ion  based  on (39) and (40) we obtain  

~nU.2mn - -  amlg3mr~ ~ ~nV2mn - -  CZmU3m n ~ 0)reran , 

and hence  we obtain ,  us ing  (52)-(54), 

a % . . ~  = ~,~se,,,,~ - -  a,,,Tm,~; ~ axe ~=~ Oxe 

Subst i tut ing (49) into (57) we find %ran(t) and C6mn(t). 

(56) 

(57) 

A d i r e c t  ca lcu la t ion  us ing  (38)-(40) and (45 ) then  g ives  

and us ing  (52).(54) we obta in  

2 

2 

= kLn v . . .  + aRe." = t%.,. 
axe 

(58) 

(59) 

Subst i tu t ing (44) into (55) and (59) we find Clmn(t ) and C2mn(t). The  condi t ions  (52) give,  u s ing  (38) and (55), 
t 

[v~ .... q- "lh S q~'~ ('0 d~ -oX( J,x,=o ~ ~m~ (t), (60) 
o 

t 

' 0 x i  J 1 * , = ~  " 
o 

(61) 
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Substituting (47) into (60) and (61) and noting that Clmn(t) and C2mn(t) are nowknown, we find C3mn(t) and C~mn(t). 

We define a new function 0mn(X l, t) by 

2 

0 ..... (:q, [) = O,n~ (x~, t) exp (--  kZ)~,, t) -l- q~,~,~ (t) x~ + -~-x~ [q2.-.., (t) - -  q,..~ (t)]. (62) 

Substituting (62) into (41) and (55) we obtain 

6,~,~ = k~ o ~  .... �9 (63)  

a~,~ax~ . ,=o  = o, o~,o.ox~ ~,=~ = o, 6,~,~lt=o = g,% , (64)  

where  Mmn, 0ran a re  known, and evm n have been  found by  us.  The solut ion of the p r o b l e m  (63) and (64) is 
known [8]. The quant i t ies  Uim n (x~, t) (i = 1, 2, 3) can now be found f r o m  (38)-(40) by us ing  (47), (50), and 
(51). The p r o b l e m  is t h e r e f o r e  solved.  

P r o b l e m  lb .  Suppose the bounda ry  condi t ions  have the f o r m  (21), (22), (25), (26), (29), and (30). The 
unknown funct ions will  be expanded in a F o u r i e r  s e r i e s  of the f o r m  

ui = ~ u~im)~(x2, t)siny~xicos[3~x3, 
rrt , ~ 0  

u~ = ~ ul~2,,~,~ (x~, t) cosT,~x~cosl~ox3, 

u~ = ~ Uam~-(i) (x2, t) cosymxtsin[5,~xa 
m , / ' t ~ O  

+= 
0 "W n ( ~ t x  t) cosT,~x~cosl~,#3, 

tTZ,t/=O 

where Ym = ~m/a and fin -~ wn/c. The corresponding expansions for other functions can easily be written 
down. Conditions (25), (26), (29), and (30) are satisfied. The solution of the problem can now be solved in 

the same way as Problem la. 

Problem ic.. Suppose the boundary conditions have the form (23)-(28). 

expanded in a Fourier series of the form 

t i t=  ~ U(2) (xa, t) cos~mxisin~,,xi, u2=  ~ u (2) x ,,~,~ 2,~,~ ( 3, t) sin c~x2 cos ~xi,  

The unknown funct ions will  be 

+~ +~ 
u~= ~ u~,~(x~, t) cos~x~cos~,~x,, o =  ~ ~,~A~(x~, t) cos~mx~cos~x~, 

//l, tZ~0 t / ' t , / l~0 

where  (~m -= 7rm/b and ~n - za~/a. The c o r r e s p o n d i n g  e x p r e s s i o n s  fo r  the o ther  functions can ea s i l y  be wri t t en  
down. Condit ions (25)-(28) a r e  sa t i s f ied .  The p rob l em can now be solved in the s a m e  way as P r o b l e m  l a .  The 
solut ion of  the gene ra l  p r o b l e m  1 with boundary  condi t ions  (19)-(24) will  now be obtained as a sum of the s o l u -  

t ions of  the p rob l ems  l a ,  l b ,  and l e .  

N O T A T I O N  

ui, d i s p l a c e m e n t  ve c t o r ;  0 -- T - T  0, t e m p e r a t u r e  d rop  (the d i f f e rence  be tween the ins tan taneous  t e m p e r -  
a tu re  T and the equ i l ib r ium t e m p e r a t u r e  To); k and #,  Lam~ cons tan t s ;  X0 t h e r m a l  conduct ivi ty ,  c~, hea t  c a p a -  
c i ty  at cons tant  de fo rma t ion ;  w, heat  gene ra ted  p e r  unit  volume pe r  unit t ime;  a 0, hea t  expans ion  coeff ic ient ;  
Xi, volume f o r c e s ;  G, potent ia l  of  the vo lume f o r c e s ;  fi(xk) and h(xk), g iven functions of coord ina tes  x k ( k = l ,  
2, 3); t ,  t ime;  oij ,  componen ts  of  the s t r e s s  t en so r ;  a ,  b,  and c,  lengths of the edges  of the para l le lep iped ;  6i,  
Si, Ti ,  and qi ,  g iven funct ions;  fo r  i = 1,  2 they  a r e  funct ions o f x  2, x 3, and t ,  fo r  i = 3, 4 they  a r e  funct ions 
of x 1, x3, and t ,  and for  i = 5, 6 they  a r e  funct ions of x 1, x2, and t. The quant i t ies  Cimn(t) a r e  unknown func-  

t ions of  t ime .  
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